A new and simple approach for calculating the eigenstructure of a regular matrix pencil is presented. This proposed approach transforms the generalized eigenvalues problem into a usual eigenvalues problem, and it also can be used to calculate the Weierstrass form of a regular matrix pencil.
Introduction
Many authors discussed the generalized eigenvalues problems in matrix theory, both from the algebraic point of view (see [4] and the references therein) and from the numerical (computational) point of view (see [6] and [8] , and the references therein). Sometimes, the generalized eigenvalues problems are also formulated to compute the Kronecker form of a matrix pencil (see [2] and [9] , the references therein).
A matrix pencil sF − G is be said to be regular if det (sF − G) = 0 for some s ∈ C.
The Kronecker form of a regular matrix pencil is also called the Weierstrass form in some literature (e.g., [7] ). Moreover, based on the following two reasons, the generalized eigenvalues problems of regular matrix pencils seem to be more important.
1. In [4] and [2] , it is pointed out that computing the Weierstrass form of a regular pencil is a medium step for computing the Kronecker form of a matrix pencil (possible non-square).
2. The condition (1) (i.e., the regularity of sF −G) is necessary and sufficient to guarantee the existence and the uniqueness of the solution of the descriptor linear systems in the form
where x is the state vector, u is the input vector and F, G and B are known matrices (see [10] ). Moreover, the generalized eigenvalues and corresponding eigenvectors of sF −G are important and basic to research (2) (see [7] ).
The purpose of the paper is to find a new and simple approach for calculating the generalized eigenvalues and corresponding eigenvectors of a regular matrix pencil. The approach is given by transforming the generalized eigenvalues problem of a regular matrix pencil into a usual eigenvalues problem. Therefore, the paper also shows the relation between the Weierstrass form of a regular matrix pencil and the Jordan canonical form of a constructed matrix, and offers an approach for calculating the Weierstrass form of a regular matrix pencil (for details see Section 4). While the usual eigenvalues problem is well-known and can be solved by different methods. For instance, an elementary transformation method from the algebraic point of view is introduced by Cao and Zhang in [1, Lemma 7.3] and several methods from the numerical point of view are discussed by Golub and Wilkinson in [5] . However, we will prefer to use the elementary transformation method in Section 4 since the whole paper is proceeded according to the algebraic point of view.
The next section formulates the problem to be addressed in the paper. Section 3 solves Problem 1 proposed in Section 2. An illustrative example is worked out in Section 4.
Problem formulation
The section formulates the problem of calculating the generalized eigenvalues and corresponding eigenvectors of a regular matrix pencil. We first introduce some notations.
For a positive integer k, let k and k be the set {1, 2, · · · , k} and {1, 2, · · · , k, ∞}, respectively. For a complex number s and a group of positive integers a 1 Assume that the eigenvalues of an n×n regular matrix pencil sF −G are λ i , i ∈ μ , where λ 1 , · · · , λ μ represent the mutually distinct finite eigenvalues and λ ∞ represents the infinite eigenvalue (Note: λ ∞ is absent if F is nonsingular ). The geometric multiplicity of λ i is denoted by θ i , and the lengths of those θ i chains of generalized eigenvectors with λ i are denoted by ρ ij , j ∈ θ i . Then, by [3] , there holds n = i∈ μ θ i j=1 ρ ij . For convenience, we give the following definition.
Definition 2.1 Suppose the eigenvalues of the regular matrix pencil sF −G are defined previously. Then the matrices
diag J(λ 1 , ρ 11 , · · · , ρ 1θ 1 ), · · · , J(λ μ , ρ μ1 , · · · , ρ μθµ ) and J(0, ρ ∞1 , · · · , ρ ∞θ∞ ) are,
respectively, called the finite canonical form and the infinite canonical form of sM − N.
In regard to the finite canonical form and the infinite canonical form of a regular matrix pencil sF − G, the following proposition is well-known.
Proposition 2.2 An n×n regular matrix pencil sF −G possesses the finite canonical form J f and the infinite canonical form J ∞ if and only if there exists a nonsingular matrix
and
In [7] , it was also pointed out that, when a nonsingular matrix V f V ∞ ∈ C n×n satisfies (3) and (4), columns of the matrices V f and V ∞ are, respectively, finite and infinite generalized eigenvectors of the regular matrix pencil sF − G. Therefore, we also give the following definition. (3) and (4) . In this case, V f is said to be finite and V ∞ is said to be infinite.
Obviously, the finite and infinite canonical forms of a regular matrix pencil are unique in the sense that the order of diagonal blocks is omitted. However, the corresponding generalized eigenvector matrix is not unique. Furthermore, according to the above definitions and proposition, the following two special cases (a) and (b) show that the finite and infinite canonical forms are in touch with the well-known Jordan canonical form, which is the reason for so named finite and infinite canonical forms.
(a) If F is nonsingular, then (4) is absent, which implies that (3) is equivalent to
f , i.e., J f is the Jordan canonical form of the matrix (3) is absent, which implies that (4) is equivalent to
∞ , i.e., J ∞ is the Jordan canonical form of the matrix G −1 F.
The finite and infinite canonical forms and a corresponding eigenvector matrix of a regular matrix pencil are usually called its eigenstructure in some literature. The problem of calculating the eigenstructure of a regular matrix pencil can be stated as follows.
Problem 1 (Calculate the eigenstructure of a regular matrix pencil)
Given an n × n regular matrix pencil sM − N. Calculate its finite and infinite canonical forms and a corresponding eigenvector matrix.
Main Results
This section gives a new and simple approach for solving Problem 1 proposed in Section 2.
In the rest of this paper, denote Γ = { s ∈ C| det (sM − N) = 0} and further let
where s 0 ∈ C\Γ is arbitrary but fixed. According to Jordan canonical form's theory, it is easy to see that the matrix Ω possesses the following form.
where T ∈ C n×n is nonsingular, s i ∈ C\ {0} for any i ∈ l , and s 1 , · · · , s l are mutually distinct.
In order to solve Problem 1, we first prove the following lemma.
Lemma 3.1 Given the matrix J in the form of (7). Further, let
Then J is the Jordan canonical form of the matrix (
exists a nonsingular matrix Q f such that
Proof It follows from (9) that
Note that, for any j ∈ q i and i ∈ l , there holds
From which, the matrix − −
has the unique eigenvalue s i of the algebraic multiplicity p ij and the geometric multiplicity 1. Therefore, there exists a nonsingular matrix Q ij such that
Let
Then, by (12) and (11), it is easily verified that (10) 
Based on the above statement, the main result of this paper can be obtained as follows. 
Then the regular matrix pencil sM − N possesses the finite canonical form J f , the infinite canonical form J ∞ and a corresponding generalized eigenvector matrix V.
Proof Let
where T f and T ∞ have the appropriate sizes. Then, by (6), there hold ΩT f = T f J and ΩT ∞ = T ∞ J ∞ . This, together with Lemmas 3.1 and 3.2, gives
and hence
The nonsingularity of V follows from (14) since T, Q −1
∞ are nonsingular. Furthermore, it follows from (15) and (14) 
This, together with (16) and Proposition 2.2, completes the proof. 2
Obviously, Theorem 3.3 gives an approach to calculating the eigenstructure of a regular matrix pencil. In order to use conveniently the approach, we also write it in the form of the following algorithm. Output The finite canonical form J f , the infinite canonical form J ∞ and a corresponding eigenvector matrix V of sM − N.
Step 1 Find a complex number s 0 satisfying s 0 ∈ C \ Γ.
Step 2 Calculate the matrix Ω according to (5) .
Step 3 Find a pair of matrices J and J ∞ in the form of (7) and (8), respectively, and a nonsingular matrix T satisfying (6).
Step 4 Construct the matrix J f according to (9) .
Step 5 Find a pair of nonsingular matrices Q f and Q ∞ satisfying (10) and (13), respectively.
Step 6 Calculate the matrix V according to (14).
Finally, we remark the proposed approach as follows. Firstly, noting that the set Γ is finite, we can obtain s 0 satisfying s 0 ∈ C \ Γ by a test method, and hence the matrix Ω can be easily obtained. This, together with the above algorithm, implies that, to solve Problem 1, it suffices to compute the matrices T, J, J ∞ , Q f and Q ∞ . According to their definitions, this is transformed to calculate the Jordan canonical forms of three matrices, which can be completed by using the elementary transformation method introduced in [1, Lemma 7.3] . In particular, the matrices Q f and Q ∞ may also be directly observed when the diagonal blocks of J f and J ∞ have low dimensions (see Section 4) .
Secondly, let the matrices J f , J ∞ and V be obtained by the above algorithm and denote
where V f and V ∞ are defined by V f V ∞ = V. Then, according to an argument presented in [7, p.10] , there holds
which is the well-known Weierstrass form of the matrix pencil sM − N. Therefore, the proposed approach can also used to compute the Weierstrass form of a regular matrix pencil. Thirdly, it is clear that the proposed approach can calculate the finite and infinite canonical forms and only a corresponding eigenvector matrix. When all (several) corresponding eigenvector matrices are required, one may first calculate the finite and infinite canonical forms using the method given in the paper, and then calculate all the corresponding eigenvector matrices using an approach proposed by the author and its co-authors in [11] . Step 4 : J f = diag J( 2 3 , 1), J(1, 2), J(0, 1) .
Step 5 : Q f = I, Q ∞ = I.
Step 6 : V = T.
Conclusions
We present a new and simple method for calculating the generalized eigenstructure of a regular matrix pencil. The proposed approach also shows the relation between the generalized eigenvalues problem of a regular matrix pencil and the usual eigenvalues problem of a constructed matrix, and can be used to compute the Weierstrass form of a regular matrix pencil.
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